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[Question 1 is compulsory]

1. a) With a single equation, define the characteristic of a linear system.

(2]
b) Find the even and odd components of the signal x(¢) = e’’.
(2]
c) A continuous-time signal x(z) is shown in Figure 1.1. Sketch the signals
) x(O[u(@) —u-1)]
(3]
g 3
ii) x(2) §(t—5).
(3]

x(1)

Figure 1.1

d) Consider the RC circuit shown in Figure 1.2. Find the relationship between the input
x(¢) =v (t) and the output y(¢) =i(¢) in the form of:

i) adifferential equation;

[3]
if) a transfer function.
(3]
AV
R
+ + c
0 i ) T |V
Figure 1.2

e) The unit impulse response of an LTI system is h(t):[Ze‘S’—e_z’:lu(t). Find the

system’s zero-state response y(z) if the input x(¢) = e 'u(z). Note that

ey s P u) == ) for A% A,
etu(t)*e”u(t) =——ul(t or A,
A=A

(4]
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f) Using the graphical method, find y(¢) = x(t)*h(t) where x(z) and h(¢) are shown in
Figure 1.3.

(4]
x(t, h(t
2 2 |-
1 1
| | 1 L 1
0 1 2 3 0 1 2
Figure 1.3
g) Find the pole and zero locations for a n system with the transfer function
2
s —=s5s+5/2
H(s)=————.
(s) s> +5s+4
(4]

h)  Given that the Fourier transform of the signal x(¢) is X(w),i.e. x(t) X (w), prove
from first principle that

x(t—t,) & e’ X(w).
(4]

i) Using the z-transform pairs u[k] < Ll and yulk] =~ or otherwise, find the
- =y
inverse z-transform of
2(z—-7
Fle=—2E"7
7" —=5z+4

(4]

j) A TV signal has a bandwidth of 4.5 MHz. This signal is sampled and quantized with an
analogue-to-digital converter.

i) Determine the sampling rate if the signal is to be sampled at a rate 20% above the
Nyquist rate.
(2]

ii) If the samples are quantized into 1024 levels, determine the bit-rate (i.e.

bits/second) of the binary coded signal.
(2]
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a)

b)
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Given the initial conditions y,(0) =0 and y,(0) =1, find the unit impulse response of an
LTI system specified by the equation

2
d y+6dy

dx
—+9y(t)=2—+9x(2).
dr’ dt Y dt )

[15]

An input signal f(¢) is expressed in terms of step components as shown in Figure 2.1.
The step component at time ¢ =7 has a height of Af which can be expressed as

Af :i—f;m = f(7)AT.

If g(¢) is the unit step response of an LTI system to the step input u(¢), show that the
zero-state response y(¢) of the system to the input f(z) can be expressed as

YO = [ f@g-ndT=f0)* (1)

f(t) %

ﬂAT i /T
dr A
Z 1 - :
| |
i
|
|
|
|
|
:
|
|
|
|
|
:
|

; t

T=nAtT
Figure 2.1
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3. a) Find the Fourier transform of the signal shown in Figure 3.1 using two different methods:

i) By direct integration using the definition of the Fourier transform
(10]

ii) Using only the time-shifting property and the Fourier transform pair

t . T
rect| — = TSsinc| —|.
(rj ( 2 j

(10]

b) Given that Jm e ?dx =27 , show that the energy E, of a Gaussian pulse

2

L o
f(t)—ame

is given by
1

f_20'«/;'

E

You should derive the energy E, from F(w) using the Parseval’s theorem and the

following Fourier transform pair
2 2 2.2
er/20' o O_lzﬂ.eawu'

(10]

x(t)

1 0

-1

Figure 3.1
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4. A discrete-time LTI system is specified by the difference equation

Y[k +11-0.5y[k]= f[k +1]+ 0.8 F[k].

a) Derive its transfer function in the z-domain.

b) Find the amplitude and phase response of the system.

¢) Find the system response y[k] for the input f[k]=cos(0.5k _g) .

[THE END]
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(6]

[14]

(10]






E2.5 Signals and Linear Systems
Solutions 2008

All questions are unseen.

Question 1 is compulsory.

Answer to Question 1

a)

If x, -y, and x, = y,, for a linear system,

kx, +k,x, = k;y, +k,y, where k, and k, are constants.

(2]
b)
x(t)=e’’ =cos@+ jsin@
Therefore,
Even: cosé
Odd: jsind.
(2]
c) 1)
x(1)
2
1
1 1 !
- 0 1 2
(3]
i)
x(1)
1
| | | 1
10 1 2
(3]
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d) 0
v.(1) = Ri(t)+v,(1)

15
v(=2 i i(r)dt

x(t)=v (1), y@)=i().

1
C RO+ j YW(r)dT = x(1).

—oo

Differentiate both sides wrt #:

[3]
ii) Take Laplace transform on both sides:

1 1
(s+R—C) Y(s) —ESX(S).

Y(s) —Cx s
X(s) RCs+1

SH(s)=
(3]

e)
y(@) = h(1)* x(1)
=2e™ —eu(t) * e'u(t)
=2e7u(t)* e u(t)—e > ut) * e 'u(t)

B 2(6—1 _6—31) _ (e—t _e—zz)
- 2 1 }”(t)

= (e‘z’ - )u(t)

[4]

Yy

[4]
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g) The complex zeros are given by:

F-z+2=0.
2
Therefore the zeros are at:
Z_li\/l—lo —l+ é
—T 2y

The poles are given by:
P +5p+5=(p+4)(p+1)=0.
Therefore the poles are at:
p=-1 and p=—4.
[4]

h) By definition of Fourier transform,

FTof x(t—t,) = j xX(t—ty)e ™ dr .
Let z=1-1,,
[ x=1)e77dr = [ x@)e " Wdr

—oco —oo

= /™ J x(0)e ' dr
=e " X (w)
(4]

i) Divide F[z] by z, and perform partial fraction:

Flz]  z-7 z=7 2 1

7 22-5z+4 (z-D(z-4) z-1 z-4

Flz]=2————%_
z-1 z-4

o flk]1=[2-4" Julk].
[4]

i)
i) Nyquist rate is 2x4.5x10° =9 MHz.
Therefore the actual sampling rate = 9 MHzx1.2=10.8 MHz.

(2]
ii) 1024 levels require 10 bits per sample. Therefore bit-rate is:

10.8x10° x10 = 108 Mbits/sec.
(2]

Page 3 of 7



Answer to Question 2
Express the differential equation in terms of D operators:

(D> +6D+9)y(t) = (2D +9)x(t) = Q(D) y(t) = P(D)x(t)
Q(D)=(D*+6D+9), P(D)=(2D+9)

The characteristic equation is therefore:
A +61+9)=0= (1+3)* =0.
oYy =(c +ee™ and (1) =[-3(c, + e ) +c,le”

Setting t = 0, and substituting ™' ¥,(0)=0 and y,(0) =1, gives

0=c¢ } - ¢ =0

1=-3¢, +c, c, =1

sy =te™ and  y,(t)=(-3t+1)e”™

Now the impulse response can be calculated:
h(t) =[P(D)y,(0]u(r)

=[2y,(®)+9y,()]u(r)
=(=6te™ +2¢ +9te™) u(t)
=(2+30)e™ u(t)
[15]

a)  The system response to u(t)is g(¢), and the response to the step u(t —7) is g(t—7)
(time-invariant property).

It is given that Af = i_fAT = f (v)At. The step component at ¢ = nAz therefore has a
T

height of f(nAT)AT, and can be expressed as [f(nAr)Ar} u(t—nAt). This gives a

response Ay(t) at the output, where

Ay(t) = [ f(nAr)Ar] g(t—nAT).

Therefore, the total response due to ALL step components is:

y(0) = lim i f(nAT)g(t —nAT)AT

n=—oco

=] fmga-nar

= f(1)*g(7)

= f(t)*g(t).
[15]
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Answer to Question 3

a) 1) From definition of Fourier transform,
F(w)= j T f(e M dt

0 . T .
:I e’ dt —J. e’ dt
-7 0

= —'—+.—COS wT
Jo jw

4. Z(wrj
= j—sin’| —
w 2

ii)  Express f{?) as sum of two rectangular functions:

£y = rect(t+r/2)_rect(t—r/2)
T

T
t ) T

rect| — | & tsinc| — |,
T 2

apply time-shifting property gives

tx7/2 ) wT .
rect( & 7sine ~ etier?
T

Given that

Therefore

. (wr) ., . (ot _,
F(w) = 7sinc [7J et ""? — 1 sinc (7) e lvt?

. . T | . T
=2jrsinc| — |sin| —
( 2 j ( 2 j
4 Z(wrj
=j—sin" | —
w 2
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b)

12

|y

f(@)=

e
o271

t2

1 N 20° -0’12

e = e
o2

and

Parseval’s Theorem states:

E, :i ["|F@)f do.

Given
F(a)) — e—O'za)z/Z
we obtain:
1 © 5207
Ef = E . e da) .

2
X X
Let ow=——, then o’a’ =7 and do=

NG

1
dx.
o2
Therefore

1 1 o 2 1
E,=———| e dv=——.
"o oa/EL" 207
[10]
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Answer to Question 4

a) Taking z-transform of both sides:
zY[z]-0.5Y[z] = zF[z]+ 0.8 F[z].
Therefore

_Y[z] _z+038

Hizl= =
= T 0

b) The frequency response is given by:

e +0.8 _ (cosQ+0.8)+ jsin€2
e =05 (cosQ-0.5)+jsinQ

H[e™]=
Therefore, the amplitude response is
\H[efﬂ]‘2 = H[e’*1H[e *].

(e™ +0.8)(e ™ +0.8)

(e’ =0.5)(e7* =0.5)
_ 1.64+1.6cos €2
1.25—cosQ

The phase response is

ZH[ejQ] =tan~" (ﬂj —tan™! [ﬁj .
cosQ+0.8 cosQ—-0.5

¢) Since f[k]:cos(O.Sk—g), Q=0.5.

Therefore
‘H[ejsz]r _1.64+1.6c0s0.5 _ 8.174
1.25-co0s0.5
|He]=2.86
ZH[e™] = tan” (ﬂj_m_l ( _ sin0.5 j |
c0s0.5+0.8 cos0.5-0.5

=0.2784—-0.9037
=_0.6253 radian or 35.83"

Therfore, the system response is

y[k] = 2.86¢0s(0.5k —%— 0.6253) = 2.86 cos(0.5k —1.6725) .
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