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[Question 1 is compulsory] 
 

 
1. a) With a single equation, define the characteristic of a linear system. 

[2] 
 

b) Find the even and odd components of the signal ( ) jx t e θ= . 
[2] 

 
c) A continuous-time signal ( )x t  is shown in Figure 1.1.  Sketch the signals 

 i) ( )[ ( ) ( 1)]x t u t u t− −   
[3] 

 ii) 
3

( ) ( )
2

x t tδ − . 

[3] 

 

Figure 1.1 
 
d) Consider the RC circuit shown in Figure 1.2. Find the relationship between the input 

( ) ( )sx t v t=  and the output ( ) ( )y t i t=  in the form of: 

i) a differential equation; 
[3] 

ii) a transfer function. 
[3] 

 

R

Cvs(t) i(t)
+ +

Vc(t)

 

Figure 1.2 
 
 

e) The unit impulse response of an LTI system is 3 2( ) 2 ( )t th t e e u t− −⎡ ⎤= −⎣ ⎦ .  Find the 

system’s zero-state response ( )y t  if the input ( ) ( )tx t e u t−= .  Note that 

1 2

1 2
1 2

1 2

( ) ( ) ( )       for  .
t t

t t e e
e u t e u t u t

λ λ
λ λ λ λ

λ λ
−∗ = ≠
−

 

[4] 
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f) Using the graphical method, find ( ) ( ) ( )y t x t h t= ∗   where ( )x t  and ( )h t  are shown in 
Figure 1.3. 

[4] 

 

Figure 1.3 
 
 

g) Find the pole and zero locations for a n system with the transfer function 
 

2

2

5 / 2
( )

5 4

s s
H s

s s

− +=
+ +

. 

[4] 
 

h) Given that the Fourier transform of the signal ( )x t  is ( )X ω , i.e. ( ) ( )x t X ω⇔ , prove 
from first principle that 

 
0

0( ) ( )j tx t t e Xω ω−− ⇔ . 

[4] 
 

 

i) Using the z-transform pairs  [ ]
1

z
u k

z
⇔

−
 and  [ ]k z

u k
z

γ
γ

⇔
−

 , or otherwise, find the 

inverse z-transform of  

2

( 7)
[ ]

5 4

z z
F z

z z

−=
− +

. 

[4] 
 
 

j) A TV signal has a bandwidth of 4.5 MHz.  This signal is sampled and quantized with an 
analogue-to-digital converter. 

 
i) Determine the sampling rate if the signal is to be sampled at a rate 20% above the 

Nyquist rate. 
[2] 

 
ii) If the samples are quantized into 1024 levels, determine the bit-rate (i.e. 

bits/second) of the binary coded signal. 
[2] 
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2. a) Given the initial conditions 0 (0) 0y =  and 0 (0) 1y = , find the unit impulse response of an 

LTI system specified by the equation 
 

2

2
6 9 ( ) 2 9 ( )

d y dy dx
y t x t

dt dt dt
+ + = + . 

[15] 
 

b) An input signal ( )f t  is expressed in terms of step components as shown in Figure 2.1.  
The step component at time t τ=  has a height of fΔ  which can be expressed as 

( ) .
f

f fτ τ τ
τ

ΔΔ = Δ = Δ
Δ

 

 If ( )g t  is the unit step response of an LTI system to the step input ( )u t , show that the 
zero-state response ( )y t of the system to the input ( )f t  can be expressed as 

( ) ( ) ( ) ( ) ( )y t f g t d f t g tτ τ τ
∞

−∞

= − = ∗∫ . 

[15] 
 

f(t)
df

d
τ

τ
Δ

nτ τ= Δ
t

 

Figure 2.1 
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3. a) Find the Fourier transform of the signal shown in Figure 3.1 using two different methods: 
 

i) By direct integration using the definition of the Fourier transform 
[10] 

 
ii) Using only the time-shifting property and the Fourier transform pair 

2

t
rect sinc

ωττ
τ
⎛ ⎞ ⎛ ⎞⇔⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

. 

[10] 
 
 

b) Given that  
2 / 2 2xe dx π

∞ −

−∞
=∫ , show that the energy fE of a Gaussian pulse 

2

221
( )

2

t

f t e σ

σ π
−

=  

 
is given by 

1

2
fE

σ π
= . 

 
 
You should derive the energy fE  from ( )F ω  using the Parseval’s theorem and the 

following Fourier transform pair 
 

2 2 2 2/ 2 / 22te eσ σ ωσ π− −⇔ . 
 

 [10] 
 
 

 

Figure 3.1 
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4. A discrete-time LTI system is specified by the difference equation 

[ 1] 0.5 [ ] [ 1] 0.8 [ ]y k y k f k f k+ − = + + . 

 

a) Derive its transfer function in the z-domain. 
[6] 

 

b) Find the amplitude and phase response of the system. 
[14] 

 

c) Find the system response [ ]y k  for the input [ ] cos(0.5 )
3

f k k
π= − . 

[10] 
 
 

 
 
 

[THE END] 
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E2.5 Signals and Linear Systems 
Solutions 2008 
 
 
All questions are unseen. 
 
Question 1 is compulsory. 
 
Answer to Question 1  

  
 a)  

 
 
If 1 1 2 2  and  x y x y→ → , for a linear system, 

1 1 2 2 1 1 2 2 1 2  where   and  are constants.k x k x k y k y k k+ → +  

[2] 
 
 

b)  
( ) cos sinjx t e jθ θ θ= = +  

Therefore, 
  Even: cosθ  
  Odd: sinj θ . 

[2] 
 
 
c) i) 

 
 [3] 

ii) 

 
[3] 
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d) i)  

  

( ) ( ) ( )

1
( ) ( )

( ) ( ), ( ) ( ).

1
( ) ( ) ( ).

s c

t

c

s

t

v t Ri t v t

v t i d
C

x t v t y t i t

Ry t y d x t
C

τ τ

τ τ

−∞

−∞

= +

=

= =

∴ + =

∫

∫

 

 
 Differentiate both sides wrt t: 
 

1
( )

1 1
( )

dy dx
R y t

dt C dt
dy dx

y t
dt RC R dt

+ =

⇒ + =
 

 [3] 

 ii) Take Laplace transform on both sides: 
1 1

( ) ( ) ( ).s Y s sX s
RC R

+ =  

 
( )

( )
( ) 1

Y s s
H s C

X s RCs
∴ = = ×

+
. 

[3] 
 

 
e)  

  ( ) ( ) ( )y t h t x t= ∗  

  

( )

3 2

3 2

3 2

2 3

(2 ) ( ) ( )

2 ( ) ( ) ( ) ( )

2( ) ( )
( )

2 1

( )

t t t

t t t t

t t t t

t t

e e u t e u t

e u t e u t e u t e u t

e e e e
u t

e e u t

− − −

− − − −

− − − −

− −

= − ∗
= ∗ − ∗

⎡ ⎤− −= −⎢ ⎥
⎣ ⎦

= −

 

 [4] 
 
 

f)  

 
[4] 
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g) The complex zeros are given by: 
 

2 5
0

2
z z− + = . 

  Therefore the zeros are at: 

1 1-10 1 3
z= .

2 2 2
j

± = ±  

  The poles are given by: 
2 5 5 ( 4)( 1) 0.p p p p+ + = + + =  

  Therefore the poles are at: 
1  and  4.p p= − = −  

[4] 
 
 

h) By definition of Fourier transform, 

0 0FT of   ( ) ( ) j tx t t x t t e dtω
∞

−

−∞

− = −∫ . 

 Let 0t tτ = − , 

   0( )
0( ) ( ) j tj tx t t e dt x e dω τω τ τ

∞ ∞
− +−

−∞ −∞

− =∫ ∫  

     
0

0

( )

( )

j t j

j t

e x e d

e X

ω ωτ

ω

τ τ

ω

∞
− −

−∞

−

=

=

∫   

[4] 
 

 
i) Divide F[z] by z, and perform partial fraction: 

 

2

[ ] 7 7 2 1

5 4 ( 1)( 4) 1 4

F z z z

z z z z z z z

− −= = = −
− + − − − −

. 

[ ] 2
1 4

z z
F z

z z
= −

− −
 

[ ] [2 4 ] [ ].kf k u k∴ = −  
[4] 

 
 

j)  
i) Nyquist rate is 62 4.5 10 9 MHz.× × =  
 Therefore the actual sampling rate = 9 MHz 1.2=10.8 MHz.×  

[2] 
 
ii) 1024 levels require 10 bits per sample.  Therefore bit-rate is: 

  610.8 10 10 108 Mbits/sec.× × =  
[2] 
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Answer to Question 2  
 
Express the differential equation in terms of D operators: 

 
2

2

( 6 9) ( ) (2 9) ( ) ( ) ( ) ( ) ( )

( ) ( 6 9), ( ) (2 9)

D D y t D x t Q D y t P D x t

Q D D D P D D

+ + = + ⇒ =
= + + = +

 

 
The characteristic equation is therefore: 

2 2( 6 9) 0 ( 3) 0.λ λ λ+ + = ⇒ + =  

3 3
0 1 2 0 1 2 2( ) ( )     and     ( ) [ 3( ) ]t ty t c c t e y t c c t c e− −∴ = + = − + +  

Setting t = 0, and substituting 3te−
0 0(0) 0 and (0) 1y y= = , gives 

1 1

1 2 2

0 0

1 3 1

c c

c c c

= =⎫
⇒⎬= − + =⎭

 

3 3
0 0( )     and     ( ) ( 3 1)t ty t te y t t e− −∴ = = − +  

Now the impulse response can be calculated: 

0( ) [ ( ) ( )] ( )h t P D y t u t=  

 
0 0

3 3 3

3

[2 ( ) 9 ( )] ( )

( 6 2 9 ) ( )

(2 3 ) ( )

t t t

t

y t y t u t

te e te u t

t e u t

− − −

−

= +

= − + +
= +

 

[15] 

a) The system response to ( )u t is ( )g t , and the response to the step ( )u t τ−  is ( )g t τ−  
(time-invariant property). 

It is given that  ( ) .
f

f fτ τ τ
τ

ΔΔ = Δ = Δ
Δ

 The step component at t n τ= Δ  therefore has a 

height of ( )f n τ τΔ Δ , and can be expressed as ( ) ( )f n u t nτ τ τ⎡ ⎤Δ Δ − Δ⎣ ⎦ .  This gives a 

response ( )y tΔ  at the output, where 

( ) ( ) ( ).y t f n g t nτ τ τ⎡ ⎤Δ = Δ Δ − Δ⎣ ⎦  

Therefore, the total response due to ALL step components is: 

0
( ) lim ( ) ( )

n

y t f n g t n
τ

τ τ τ
∞

Δ → =−∞
= Δ − Δ Δ∑  

 

( ) ( )

( ) ( )

( ) ( ).

f g t d

f g

f t g t

τ τ τ

τ τ

∞

−∞
= −

= ∗

= ∗

∫
 

[15] 
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Answer to Question 3  
 

a) i) From definition of Fourier transform, 

 ( ) ( ) j tF f t e dtωω
∞ −

−∞
= ∫  

 

0

0

0

0

2

1 1

1 1 1 1

2 2
cos

4
sin

2

j t j t

j t j t

j t j t

e dt e dt

e e
j j

e e
j j j j

j j

j

τω ω
τ

τ
ω ω

τ

ω ω

ω ω

ω ω ω ω

ωτ
ω ω

ωτ
ω

− −

−

− −

−

−

= −

= − −

= − + + −

= − +

⎛ ⎞= ⎜ ⎟
⎝ ⎠

∫ ∫

 

[10] 
 
ii) Express f(t) as sum of two rectangular functions: 

 
/ 2 / 2

( )
t t

f t rect rect
τ τ
τ τ

+ −⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Given that 

 sinc
2

t
rect

ωττ
τ
⎛ ⎞ ⎛ ⎞⇔⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

,  

apply time-shifting property gives 

 / 2/ 2
sinc

2
jt

rect e ωττ ωττ
τ

±±⎛ ⎞ ⎛ ⎞⇔⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

. 

Therefore 

 / 2 / 2( ) sinc sinc
2 2

j jF e eωτ ωτωτ ωτω τ τ+ −⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
2

2 sinc sin
2 2

4
sin

2

j

j

ωτ ωττ

ωτ
ω

⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

[10] 
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b) 

 
2

221
( )

2

t

f t e σ

σ π
−

=  

and 

2

2 22 / 22
1

2

t

e e σ ωσ

σ π
−

−⇔ . 

 
Parseval’s Theorem states: 
 

 21
( )

2fE F dω ω
π

∞

−∞
= ∫ . 

Given 

 
2 2 / 2( )F e σ ωω −=  

we obtain: 

 
2 21

2fE e dσ ω ω
π

∞ −

−∞
= ∫ . 

 

Let 
2

2 2 1
,   then   and  

22 2

x x
d dxσω σ ω ω

σ
= = = . 

 
Therefore 

 
2 / 21 1 1

2 2 2
x

fE e dx
π σ σ π

∞ −

−∞
= =∫ . 

[10] 
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Answer to Question 4  
 
a) Taking z-transform of both sides: 

 [ ] 0.5 [ ] [ ] 0.8 [ ]zY z Y z zF z F z− = + . 

Therefore 

 
[ ] 0.8

[ ]
[ ] 0.5

Y z z
H z

F z z

+= =
−

. 

 

b) The frequency response is given by: 

 
0.8 (cos 0.8) sin

[ ]
0.5 (cos 0.5) sin

j
j

j

e j
H e

e j

Ω
Ω

Ω

+ Ω + + Ω= =
− Ω− + Ω

. 

Therefore, the amplitude response is 

 
2

[ ] [ ] [ ]j j jH e H e H eΩ Ω − Ω= . 

 

( 0.8)( 0.8)

( 0.5)( 0.5)

1.64 1.6cos

1.25 cos

j j

j j

e e

e e

Ω − Ω

Ω − Ω

+ +=
− −
+ Ω=
− Ω

. 

The phase response is 

 1 1sin sin
[ ] tan tan

cos 0.8 cos 0.5
jH e Ω − −Ω Ω⎛ ⎞ ⎛ ⎞∠ = −⎜ ⎟ ⎜ ⎟Ω+ Ω−⎝ ⎠ ⎝ ⎠

. 

 . 

c) Since [ ] cos(0.5 )
3

f k k
π= − ,  0.5Ω = . 

Therefore 

 
2 1.64 1.6cos0.5

[ ] 8.174
1.25 cos0.5

jH e Ω += =
−

 

 [ ] 2.86jH e Ω =  

 1 1sin 0.5 sin 0.5
[ ] tan tan

cos0.5 0.8 cos0.5 0.5
jH e Ω − −⎛ ⎞ ⎛ ⎞∠ = −⎜ ⎟ ⎜ ⎟+ −⎝ ⎠ ⎝ ⎠

. 

 
0.2784 0.9037

0.6253 radian  or  35.83

= −
= −

. 

 

Therfore, the system response is 

 [ ] 2.86cos(0.5 0.6253) 2.86cos(0.5 1.6725)
3

y k k k
π= − − = − . 

 



 




